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MTH 512, Exam 2

Ayman Badawi

QUESTION 1. Assume A,B are similar n× n matrices, say A = M−1BM , and assume that A is diagnolizable.
Prove that B is diagnolizable.

QUESTION 2. (Transitive property). GivenA,B,C are n×nmatrices such thatA is similar toB andB is similar
to C. Prove that A is similar to C, i.e., show that A = N−1CN for some invertible matrix N .

QUESTION 3. Let A =



0 −4 0 0 0 0
1 −5 0 0 0 0
0 0 0 −4 0 0
0 0 1 −5 0 0
0 0 0 0 0 −4
0 0 0 0 1 −5



(i) Find A2023 + 5A2022 + 5A2021 + 5A2020 + 4A2019 + 3A3 + 15A2 + 13A+ I6 .[Hint: By staring at A, it looks
familiar, so CA(α) and mA(α) can be determined]

(ii) Find all eigenvalues of A. For each eigenvalue a of A, find dim(Ea(A)).

QUESTION 4. Up to similarity, classify all 5× 5 matrices in R5×5 such that (A2 + I5)(A− 3I5) = 05×5. [Hint :
Note that all entries of such matrix must be real numbers ]

QUESTION 5. Let < , > be the normal dot product on Rk.

(i) Let n ≥ 2 and T : Rn → Rn be a symmetric linear transformation, i.e., the standard matrix presentation of
T is symmetric. Assume a, b are distinct eigenvalues of T . Let v be a nonzero-vector in Ea(A) and w be a
nonzero-vector in Eb(A). Prove that v is orthogonal to w.

QUESTION 6. Let T : R2 → P2 such that T (a, b) = (b + 2a)x + 3a. Define < f1, f2 >p2=
∫ 1

0 f1f2 dx and
< q1, q2 >R2= q1 · q2. Find T a (the adjoint operator of T)
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